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We point out an error in D’Anna (2006) [1] and then obtain a
partial patch of an application of that errant result. Speciﬁcally, we
show that if R is a local, Cohen–Macaulay ring with dim(R) = 1,
then R  I Gorenstein implies that I is a regular ideal of R .
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
If R is a commutative ring with identity and I an ideal of R , one can form a new ring, which can
be deﬁned in a number of ways. We will use the following deﬁnition, which is as a subring of R × R:
R  I := {(r, r + i) ∣∣ r ∈ R, i ∈ I}.
This construction was studied by M. D’Anna in [1]. One of the main results of that paper is
[1, Theorem 11], which states that when R is a local Cohen–Macaulay ring, then R  I is Goren-
stein if and only if R has a canonical ideal ωR and I  ωR . The proof of the “only if ” direction uses
an isomorphism from [1, Proposition 3].
We prove in Lemma 2.1 that the isomorphism in question holds if and only if ann(I) = 0. Of
course, if R is Noetherian, then this is equivalent to saying that I is regular. It should be noted that
in all of the applications that appear in [1], the ideal I is in fact regular.
As our main result, we show in Theorem 2.4, that if R is one-dimensional reduced local Cohen–
Macaulay ring, then R  I Gorenstein implies that I is a regular ideal.
E-mail address: jshapiro@gmu.edu.0021-8693/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2009.12.003
1156 J. Shapiro / Journal of Algebra 323 (2010) 1155–11582. The result
Let X and Y be subsets of a ring R . Then deﬁne (X :R Y ) := {r ∈ R: rY ⊂ X}, where we will drop
the R as a subscript if there is no danger of confusion. We also note that R is a subring of R  I (via
the diagonal map) and R is a factor ring of R  I (modulo (0, I)). The actions of R on R  I , and
R  I on R induced by these maps are r · (s, i) = (rs, ri) and (s, i) · r = sr respectively.
Our ﬁrst result is a correction to [1, Proposition 3]. In that proposition a map (of R-modules) is
deﬁned as
f : I → HomRI (R, R  I) via i → gi,
where gi(r) = (ri,0). Moreover, it is claimed that this map is always an isomorphism. We show that
this is not quite correct.
Lemma 2.1. The map f : I → HomRI (R, R  I) via i → gi , is a monomorphism. It is an isomorphism if and
only if ann(I) = 0.
Proof. As indicated in [1, Proposition 3], the map is always a monomorphism. However it is not
always surjective, for let h : R → R  I be an R  I homomorphism. By the R  I-module structure
on R , h is determined by h(1) = (x, y) (where x, y ∈ R and y− x ∈ I). Now for any j ∈ I , we have that
(xr, yr) = h(r) = h((r, r + j) · 1) = (r, r + j)(x, y) = (rx, ry + jy). In particular we conclude that jy = 0
for all j ∈ I . Thus h is well deﬁned if and only if I y = 0. If ann(I) = 0, then y = 0 and so h = gx;
hence f is onto. On the other hand, if 0 	= y ∈ ann(I), then the map h given by h(1) = (y, y) is a
well-deﬁned element of HomRI (R, R  I) which is not in the image of f . 
An element of a ring R is called regular if it is not a zero-divisor and not a unit, an ideal is called
regular if it contains a regular element. If R is Noetherian, then ann(I) = 0 is equivalent to saying that
I is a regular ideal [2, Theorem 82]. Therefore the proof of the “only if ” direction of [1, Theorem 11]
is valid only under the additionally assumption that I is regular.
Lemma 2.2. Let R be a commutative ring. Let I be an ideal of R and let x ∈ R be a regular element. Then
xR ∩ ann(I) = ann(I)x. Hence, if it is also assumed that R is local Noetherian, then ann(I) ⊆ xR implies that
ann(I) = 0.
Proof. Clearly ann(I)x ⊆ ann(I) ∩ xR . Let b ∈ ann(I) ∩ xR . Then we can write b = cx for some c ∈ R .
Furthermore, 0 = bI = x(cI). Since x is regular, cI = 0 or c ∈ ann(I). Thus b ∈ ann(I)x. For the last
statement, note that if ann(I) ⊆ xR , then ann(I)x = ann(I). Hence the result follows from Nakayama’s
lemma. 
Let I be an ideal of R and P a prime ideal of R , then in the notation of [1] one has P1 a prime
ideal of R  I deﬁned as
P1 :=
{
(p, p + i) ∣∣ p ∈ P , i ∈ I}.
Note that this prime lies over P [1, Proposition 5]. Moreover, R  I is integral over R , and R is
Noetherian if and only if, R  I is Noetherian (see [1, Remark 1]). We will use CM as a short hand for
Cohen–Macaulay.
Lemma 2.3. Let R be a local CM ring. If (x1, x1 + i1), . . . , (xn, xn + in) is a regular sequence of R  I , then
x1, . . . , xn is a regular sequence of R. In particular x1 is a regular element of R.
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x1, . . . , xn all lie in the unique maximal ideal of R . Therefore, if x1, . . . , xn is not a regular sequence
(of R), then this set is contained in a prime ideal P of R of height less than n [2, Theorem 129]. But
then the set {(x1, x1 + i1), . . . , (xn, xn + in)} is contained in the prime ideal P1 of R  I which, since
it lies over P and since R  I is integral over R , also has height less than n. This contradicts the fact
that (x1, x1 + i1), . . . , (xn, xn + in) is a regular sequence of R  I [2, Theorem 132]. 
We will denote the Krull dimension of R by dim(R).
Theorem 2.4. Let R be a reduced, local CM ring with dim(R) = 1 and let I be an ideal of R. If R  I is
Gorenstein, then I is a regular ideal of R.
Proof. It will be convenient for this proof to let A := R  I . Note that A is local [1, Corollary 6] and
dim(A) = 1. Assume that A is Gorenstein. Thus A is a CM ring, and so there exists a := (x, x + i) ∈ A
a regular element (of A).
Now suppose that ann(I) 	= 0. We will use this to construct two distinct simple submodules of
A/aA. By Lemma 2.3, we know that x is a regular element of R . Hence by Lemma 2.2, ann(I) xR .
Moreover dim(R/xR) = 0, so we can pick b ∈ ann(I) \ xR such that (xR : b) = M , the maximal ideal
of R . Let M ′ be the maximal ideal of A. We claim that (aA :A (b,b)) = M ′ . Since M ′ = {(m,m + i) |
m ∈ M, i ∈ I} [1, Corollary 6], it will suﬃce to show that for all m ∈ M and i ∈ I , both (b,b)(m,m) and
(b,b)(0, i) are in aA. As b ∈ ann(I), the second statement is clearly true. Moreover bm ∈ xR ∩ ann(I).
Thus by Lemma 2.2, bm = xc for some c ∈ ann(I). Therefore
(b,b)(m,m) = (bm,bm) = (xc, xc) = (x, x+ i)(c, c).
Hence the claim is proved.
Again by Nakayama’s lemma (x + i)I 	= I . We also know that x + i is regular on I (otherwise
a = (x, x + i) is not regular in A). Thus the R-module I/(x + i)I is not zero, but is zero-dimensional.
Hence there exists d ∈ I \ (x+ i)I such that ((x + i)I : d) = M . We next claim that (aA :A (0,d)) = M ′ .
First note that (0,d) /∈ (x, x+ i)A, for suppose otherwise, then
(0,d) = (x, x+ i)(r, r + j) for some j ∈ I.
Hence from Lemma 2.3 we conclude that r = 0. Therefore d ∈ (x + i)I , which is impossible by our
choice of d. To ﬁnish this claim observe that
(0,d)(m,m) = (0,dm) ∈ (0, (x+ i)I) ⊆ (x, x+ i)A ⊆ M ′,
and since I ⊆ M = ((x+ i)I : d) and dI ⊆ (x+ i)I , we see that
(0,d)(0, I) ⊆ (0, (x+ i)I).
We conclude that the image of both (b,b) and (0,d) in A/(x, x+ i)A generates simple A-modules.
If we show that these modules are distinct, then we would have that (x, x + i)A is reducible, which
by [3, Theorem 18.1] is a contradiction to A being Gorenstein. Suppose otherwise, then we must have
(b,b) ∈ (0,d)A + (x, x+ i)A.
But since b /∈ xR , this is impossible. 
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under the additional assumption that dim(R) = 1, while Lemma 2.1 shows that it is not valid without
some extra assumption. To extend the proof of the theorem to higher dimensions, we would have
to generalize Lemma 2.2 to the following: if ann(I) ⊆ J where J is generated by a regular sequence,
then ann(I) = 0.
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